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Three-Dimensional Adaptive Grid Generation
on a Composite-Block Grid

Hyun Jin Kim*
Korean Air Force, Korea

and
Joe F. Thompson!

Mississippi State University, Mississippi State, Mississippi

The EAGLE three-dimensional composite-block grid code has been extended to an adaptive grid to be coupled
with a PDE solver. Both the adaptive control function formulation and the variational formulation were evaluated,
and the former was found to be much faster and somewhat more effective. Results for the code coupled with an
implicit Euler solver for a three-block configuration on a finite wing are compared with experimental data for
transonic flow.

Introduction

NUMERICAL grid generation is a prelude to numerical
solution of partial-differential equations (PDE). One

problem in solving PDE with a fixed grid is that grid points
are distributed in the physical domain before the solution is
known. As a result, the grid may not be the best suited for the
particular physical problem. The idea of an adaptive grid is to
have the grid points move as the physical solution develops by
concentrating points in the regions of large variation in the
solution as they emerge. The grid points are redistributed by
sensing the gradients in the evolving physical solution and
evaluating the accuracy of the discrete representation of the
solution.

This adaption can reduce the oscillations associated with
inadequate resolution of large gradients, allowing for sharper
shocks and better representation of boundary layers. Another
advantageous feature is the fact that in the viscous regions
where real diffusion effects must not be swamped, the numer-
ical dissipation from upwind biasing is reduced by the adap-
tion. Dynamic adaption is at the frontier of numerical grid
generation and may well prove to be one of its most impor-
tant aspects, along with the treatment of real three-dimen-
sional configurations through the composite grid structure.

In the present effort, the EAGLE grid code1'2 has been
extended to be adaptive, incorporating both the control func-
tion adaptive approach and the variational adaptive ap-
proach, and has been coupled with an implicit Euler flow
solver.3'4

EAGLE Grid Code
The construction of computational fluid dynamics (CFD)

codes for complicated regions is greatly simplified by a com-
posite-block grid structure since, with the use of a surround-
ing layer of points on each block, a flow code is only required
basically to operate on rectangular computational regions.
The necessary correspondence of points on the surrounding
layers (image points) with interior points (object points) is set
up by the grid code and made available to the CFD solution
code.
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The EAGLE grid code1'2 is a general three-dimensional
algebraic/elliptic grid generation code based on the block
structure. This code allows any number of blocks to be used
to fill an arbitrary three-dimensional region. Any block can be
linked to any other block (or to itself) with complete (or
lesser) continuity across the block interfaces as specified by
input. This code uses an elliptic generation system with auto-
matic evaluation of control functions, either directly from the
initial algebraic grid (generated by transfinite interpolation)
and then smoothed, or by interpolation from the boundary
point distributions.5 In the latter case, the arc length and
curvature contributions to the control functions are evaluated
and interpolated separately into the field from the appropriate
boundaries, and the control function at each point in the field
is then formed by combining the interpolated components.
This procedure allows very general regions, with widely vary-
ing boundary curvature, to be treated.

The control functions can also be determined automatically
to provide orthogonality at boundaries with specified normal
spacing. Here, the iterative adjustments in the control func-
tions are made by increments radiated from the boundary-
points where orthogonality has not been attained. This allows
the basic geometric control function structure evaluated from
the algebraic grid, or from the boundary-point distributions,
to be retained and thus relieves the iterative process of the
need to establish this geometric form of the control functions.

Alternatively, boundary orthogonality can be achieved
through Neumann boundary conditions, which allow the
boundary points to move over a surface spline, the boundary-
point locations being located by Newton iteration on the
spline to be at the foot of normals to the adjacent field points.
(This feature is used on the boundary in the present adaptive
application.) Provision is also made for extrapolated zero-cur-
vature boundary conditions on the surface spline and for
mirror-image reflective boundary conditions on symmetry
planes.

The grid is structured as follows. The entire three-dimen-
sional physical region is filled with a set of interfacing hexahe-
drons with curved surfaces, each of which corresponds to a
rectangular computational block. Each of these blocks has its
own set of right-handed curvilinear coordinates (independent
of those in the other blocks). The blocks do not have to be all
the same size, and the size of each is specified by input. It is
also not necessary for an entire side of one block to corre-
spond to an entire side of an adjacent block. It is only
necessary that all of the corresponding blocks fit together to
fill the physical region.
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Each computational block is surrounded by an extra layer
of points in order to allow connections across the interfaces in
the physical region to be formed. (Actually, provision is made
for still another surrounding layer of points in order to
provide connections for use in flow codes using three-point
one-sided differences, but this extra layer is not used by the
grid code.) The interfaces between blocks are branch cuts, and
the code establishes a correspondence across the interface
using the surrounding layer of points outside the blocks. This
allows points on the interface to be treated just as all other
points, so that there is no loss of continuity. The physical
location of the interface is thus unspecified, being determined
by the code.

The features of this code and its use are discussed in Ref. 1.
Detailed discussion of both the use and the operation of the
code is given in Ref. 2. The elliptic generation system is
discussed in detail in Ref. 5, and some examples of applica-
tions have appeared in Refs. 3, 4, and 6-9.

Adaptive Grid Strategies
There are three basic strategies that may be employed in

dynamically adaptive grids (cf. the survey given by Ref. 10)
coupled with the PDE of the physical problem. (Combina-
tions are also possible, of course.)

Redistribution of a Fixed Number of Points
In this approach points move from regions of relatively

small error or solution gradient to regions of large error or
gradient. While the global order of the approximation cannot
be increased by such movement of points (cf. Ref. 11), it is
possible to improve the approximation locally as significant
gradients are better resolved. Thus, although there is no
formal increase in global accuracy in the limit of infinitesimal
spacing, there is definitely a practical increase at the finite
spacings actually involved in CFD. As long as the redistribu-
tion of points does not seriously deplete the number of points
in other regions of possible significant gradients, this is a
viable approach. The increase in spacing that must occur
somewhere is not of practical consequence if it occurs in
regions of small error or gradient, even though in a formal
mathematical sense the global approximation is not improved.
The redistribution approach has the advantage of not increas-
ing the computer time and storage during the solution and of
being straightforward in coding and data structure. The disad-
vantages are the possible deleterious depletion of points in
certain regions and the possibility of the grid becoming too
skewed. Some examples of this adaptive approach in CFD are
Ref. 12 for two dimensions and Ref. 13 for three dimensions.

Local Refinement of a Fixed Set of Points
In this approach, points are added (or removed) locally in

a fixed point structure in regions of relatively large error or
solution gradient. Here there is, of course, no depletion of
points in other regions and therefore no formal increase of
error occurs. Since the error is locally reduced in the area of
refinement, the global error does formally decrease. The prac-
tical advantage of this approach is that the original point
structure is preserved. The disadvantages are that the com-
puter time and storage increase with the refinement and that
the coding and data structure are difficult, especially for
implicit flow solvers. Recent examples of this adaptive ap-
proach in CFD are Refs. 14 and 15, both in two dimensions.

Local Increase in Algorithm Order
In this approach the solution method is changed locally to

a higher-order approximation in regions of relatively large
error or solution gradient without changing the point distribu-
tion. This again increases the formal global accuracy since a
local increase is achieved without an attendant decrease in
formal accuracy elsewhere. The advantage is that the point
distribution is not changed at all. The disadvantage is the
great complexity of implementation in implicit flow solvers.

This adaptive approach has not had any significant applica-
tion in CFD in multiple dimensions.

Adaptive Formulation
With structured grids and implicit flow solvers, the adaptive

strategy based on redistribution is by far the most simple to
implement, requiring only the regeneration of the grid at each
adaptive stage without modification of the flow solver unless
time accuracy is desired. Time accuracy can be achieved, as
far as the grid is concerned, by simply transforming the time
derivatives, thus adding additional convective-like terms that
do not alter the basic conservation form of the PDE.

Adaptive redistribution of points traces its roots to the
principle of equidistribution of error (cf. Ref. 10) by which a
point distribution is set so as to make the product of the
spacing and a weight function constant over the points:

w A;c = const (1)

With the point distribution defined by a function x(^), where
£ varies by a unit increment between points, the equidistribu-
tion principle can be expressed as

— const (2)

This one-dimensional equation can be applied in each direc-
tion in an alternating fashion, a good example of which is in
Ref. 13 (cf. also Ref. 16). However, a direct extension to
multiple dimensions can be made in either of two ways as
follows.
Control Function Approach

This approach is developed by noting the correspondence
between Eq. (2) and the one-dimensional form of the elliptic
grid generation system (cf. Ref. 5, or Chapter 6 of Ref. 17),

(3)
i J

used in the EAGLE code and in many other grid generation
codes. Here, the gij are the elements of the contra variant
metric tensor:

These elements are more conveniently expressed computation-
ally in terms of the elements of the covariant metric tensor,

which can be calculated directly. Thus,

SV = ~ (gmkgnt ~ gmfgnk)
o

(i,m,n) cyclic, (»',&/) cyclic

where g, the square of the Jacobian, is given by

g = del \gv\ = [r{1 • (r{2 x r{3)]2

(5)

(6)

(7)

In these relations, r is the Cartesian position vector of a
grid point (r — ix +jy + kz) and the £' (/ = 1, 2, 3) are the
curvilinear coordinates. The Pk are the "control functions,"
which serve to control the spacing and orientation of the grid
lines in the field.

The one-dimensional form of this system is

*K+P*,=0 (8)
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Differentiation of Eq. (2) yields

WXK + w^ = 0

Then, from Eqs. (8) and (9),

_P = ̂ i=_^
x% w

from which the control function can be taken as

The smoothness integral is represented by

(9) (17)

where the quantity V£J f - V£* represents the variation of the
curvilinear coordinates over the field and thus is a measure of
the roughness of the grid. Therefore, to maximize the smooth-
ness of the grid, it is appropriate to minimize the integral of
this quantity over the field. Applying the variational equation
to Eq. (17) yields

(ID
It is natural then to represent the control functions in three
dimensions as

(12)

This approach was proposed by Anderson18'19 and has been
applied with success to two-dimensional channel configura-
tions,20'21 to two-dimensional coastal configurations,22 and
now to a three-dimensional wing by Kim.23 The first two
applications involved static adaption to water depth, while the
last two use an adaptive transonic Euler solver fully coupled
dynamically with the EAGLE code. The weight function in
the two depth-adaptive cases was

w = 1 + depth (13)

and for the three-dimensional wing was based on the pressure
gradient:

w = l + |V/?| (14)

(These and more general forms of weight functions are dis-
cussed in Ref. 10). This control function adaptive approach
has the significant advantage of being based on the same
elliptic generation equations that are in common use in grid
generation codes, and the adaptive control functions given by
Eq. (12) can be added to those already evaluated from the
configuration geometry.

The complete generalization of Eq. (11) is

(15)

involving three weight functions, wf (i = 1, 2, 3), as given by
Eiseman.24 This more general form was evaluated, but little
advantage was found in the present cases. However, in some
applications the availability of three separate control func-
tions could be a definite advantage, with perhaps the velocity
gradient used in the weight function in one direction and the
pressure gradient in another. This general form is therefore
included in the adaptive EAGLE code.
Variational Approach

From the calculus of variations, Eq. (2) can be shown (cf.
Chapter 11 of Ref. 17) to be the Euler variational equation for
the function x(^), which minimizes the integral

-I- (16)

Generalizing this, a competitive enhancement of grid smooth-
ness, orthogonality, and concentration can be accomplished
by representing each of these features by integral measures
over the grid and minimizing a weighted average of the three.
This approach was put forward by Brackbill and Saltzman12

and is discussed in detail in Chapter 11 of Ref. 17.

showing that the Laplace equation gives the smoothest grid.
The orthogonality of the grid can be emphasized by mini-

mizing the integral 70, defined as

-III? (18)

where the quality V£y • V£* vanishes for an orthogonal grid.
The inclusion of g3/2, where g is the square of the Jacobian of
the transformation, is somewhat arbitrary, causing orthogo-
nality to be emphasized more strongly in the larger cells and
also simplifying the Euler equations.

Finally, the concentration of the grid can be obtained by
minimizing the integral Iw, defined as

where w(x) is a specified weight function and g is the square
of the Jacobian, i.e., the cell volume. This causes the cells to
be small where the weight function is large.

The grid generation system is then obtained from the Euler
equations for minimization of the linear combination / of the
smoothness, orthogonality, and concentration integrals given
by Eqs. (17), (18), and (19):

= csls cwlw (20)

where cs, c0, and cw are the specified coefficients that place
more emphasis on smoothness, orthogonality, and concentra-
tion, respectively.

Since the three integrals 75, 70, and Iw have different units,
they must be normalized, so that we have

1 (21)

where a0 and aw are expressed in terms of TV and L, where TV
is a characteristic number of points, L is a characteristic
length, and wa is the average weight function over the field,
i.e.,

'N

N

(22a)

(22b)

(22c)

with V being the volume of the field, i.e., the sum of the
Jacobian ^/g over all cells. This scaling in the weighted sum is
obtained as follows. From the given expressions for Is, 70, and
/„, we have

(23a)
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(23b)

(23c)

Therefore, the three terms in Eq. (21) should stand in the
ratios given. In two dimensions both factors on 70 and Iw
become (7V/L)4, since the Jacobian is then proportional to
(L/N)2, the cell area, rather than to (L/N)3, the cell volume.

The corresponding integrals in the transformed region can
be obtained directly by transforming the integrals of Eqs.
(17-19), with (i,j,k) cyclic:

(24)

(25)

(26)

(27)

(28)

Then, by using the summation convention,

r»=\\ h"2(*kd{
J J J

In general we have the integral

The Euler equations are then given by

E^^--^ = 0 (i = l,2,3)

For the three integrals given by Eqs. (24-26) we have,
respectively, with (i,j,k) cyclic,

f, = —F Zv g <•
(29)

(30)

(31)

The resulting generation equation (cf. Ref. 23) is

Z Z Aj>crfi("+A'jk(v™ • »v>
j * L

\-F'\w = 0 (32)

where

dF dF

dAjk
dw

To solve Eq. (32), define

where dtj is the Kronecker delta and

ftttj = rw + 2r for

= r^j for / :

Vw^r^r^ - F'(Vw)p = 0

where p and q are 3 x 3 matrix indices and

_M/"-'to™
Then, Eq. (33) can be rewritten as

[2Audpq + 1Aijmi(r^m)q(r^p](r)q

(33)

or, in vector form,

where

Br=K

(34)

(35)

and

Bpq = 2(Aitdpq + ̂ -(^(ly),]

(/? = !, 2, 3 and ^ = 1,2,3)

K = ̂ I r /

The solution, r, is obtained by solving the 3 x 3 matrix
equation, Eq. (35). Each element of the matrix has many
function evaluations, thus causing a much longer computing
time than in the control function adaptive grid generation
system. The generality of the variational approach is appeal-
ing, however, and the formulation given here greatly reduces
the programming complexity of this approach.

The adaptive three-dimensional Euler solver of Ref. 23 also
includes the variational adaptive approach for comparison (as
did the two-dimensional depth-adaptive code of Refs. 20 and
21). In both of these cases no advantage was found for the
variational approach, and this approach was found to require
up to an order of magnitude more computer time because of
the complexity of its equations. Therefore, the control func-
tion adaptive approach has been adopted for the adaptive
EAGLE code.

Results and Discussion
The algorithm developed in this study for generating an

adaptive grid has been tested on several physical problems in
two and three dimensions. Both the control function ap-
proach and the variational approach algorithms performed
well. When the variational form was used, the specified con-
centration constant, cw, was required to be a large number
between 30 and 50, sometimes more than 100, or else the
solutions were not improved and the grid movement could
hardly be recognized. Moreover, it took more than three times
the computer time to generate the variational adaptive grid as
compared to the control function adaptive grid. On the other
hand, when the control function algorithm was used, grids
were moved rapidly and sensitively with the small value of cw
(the coefficient of the adaptive control functions when added
to the geometric control functions) between 0.5 and 1.5.
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Therefore, after preliminary tests, only the control function
algorithm was used for the present study.

The simulations were done with the CRAY X-MP. Details
of the use of the adaptive grid generation code are fully
explained in Ref. 23.

Finite Wing
Results for the two-dimensional dynamic adaption for an

NACA 0012 airfoil at Mach 0.8 and 1.25-deg angle of attack
are given in Ref. 23. Only the three-dimensional results are
included herein.

For the three-dimensional dynamic adaption, an ONERA
M6 wing was considered. The initial grid was generated by the
elliptic system with Neumann boundary conditions on the
wing with the point movement restricted to the chordwise
direction. The grid used in this study was a C-H mesh,
dimensioned 97 x 17 x 17 and divided into three blocks in the
span wise direction as shown in Fig. 1. Both nonadaptive and
adaptive solutions were obtained with 210 cycles for the
steady state under the conditions of 3.06-deg angle of attack
at M — 0.84. Three adaptions, after 30, 60, and 120 cycles,
were used for the adaptive solution. The pressure gradient was
used for the weight variable, Eq. (14), and the concentration
factor cw was set to 1.2.

Figure 2 shows the final grid adapted to the pressure
gradient at the 50% span location and over the upper wing
surface. The corresponding pressure contours for the steady
state are given in Fig. 3. A typical >^-type shock (two shocks
merged into one toward the wing tip) on the upper wing
surface can be easily recognized for the adaptive grid as
shown in Figs. 2 and 3. The steady-state solutions for pressure
on the adaptive and fixed grids can be compared in Figs. 3
and 4 at the 50% span location and on the upper wing
surface. The static pressure coefficients on the entire wing are
illustrated in Fig. 5, and the Cp curves at the 45% span
locations are compared with experiment (Ref. 25) in Fig. 6.
(Further comparisons at 65% span are given by Fig. 10.) It is
clear that the adaptive solution is closer to the experiment
than is the fixed solution, not only at the shock but also at the
leading-edge suction peak. Finally, the convergence history of

b) Leading-edge detail

c) Upper surface

Fig. 1 ONERA M6 wing composite grid. Fig. 2 Final adaptive grid.
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a) 50% span

b) Upper surface

Fig. 3 Pressure contours—adaptive grid.

a) 50% span

b) Upper surface
Fig. 4 Pressure contours—fixed grid.

-cp

a) Fixed grid b) Adaptive grid
Fig. 5 Surface pressure coefficient.

Fig. 6 Comparison of surface pressure coefficients.

.ee 9-sa 1.1
a) Lift coefficient CYCLE

z.ee
: 18C Z

FIXED GRID

0 : flOflPTIVE GRID

b) Drag coefficient CYCLE
Fig. 7 Lift and drag convergence histories.
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the lift and drag coefficients, the number of supersonic cells,
and the residuals are given in Figs. 7 and 8.

Total computing time on the CRAY X-MP for the steady-
state fixed-grid solution was 321 CPU-s and for the adaptive
solution 350 CPU-s. Thus, the overall increase for the adap-
tive solution was 29 CPU-s (9%).

The completely generalized (full) form of the adaptive
control functions, Eq. (15), is compared with the simpler
(diagonal) form, Eq. (12), in Fig. 9. Since the difference is
trivial, the diagonal form was used in all other results pre-
sented herein. This figure also shows some effect of the
Courant number when a change is made from 5 to 10, with
slightly better agreement with experimental results at the
smaller Courant number.

Figure 10 shows the effect of the number of grid adaptions.
Although six adaptions is noticeably better than two, the
effect of a further increase to nine is small.

Finally, although the movement of the grid points on the
wing surface via the Neumann boundary conditions was
restricted to the chordwise direction, the grid adaption was
fully three-dimensional in the field, as is evident in Fig. 11,
which shows successive coordinate surfaces off the wing.

Conclusions
Two approaches for generating adaptive grids were investi-

gated in the present study—the control function approach
based on the elliptic generation system, and the variational
approach based on the calculus of variations. Both methods
have proven their capabilities for controlling the grids, but
because of the longer computing time and less sensitivity in
the variational method, the control function form may be the
more promising tool for future applications. This adaptive
control function formulation has been incorporated into the
EAGLE grid code, providing a composite-block adaptive grid
generation system for general three-dimensional regions to be
:oupled with PDE solvers.
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